We examine strictly static asymptotically flat spacetimes in Einstein-Gauss-Bonnet gravity with U (1)-gauge field, revealing that, up to the small curvature corrections, static conformally flat slices of the spacetime in question are of Minkowski origin. We consider uncharged and charged black hole solutions in the theory showing that up to the small curvature limit, they are diffeomorphic to Schwarzschild-Tangherlini or Reissner-Nordström solutions, respectively.
theory. In our considerations we confine our attention to small curvature corrections, i.e., to the O(α)-order, where α is a Gauss-Bonnet coupling constant. The paper is organized as follows. In Sec.II we review the system under considerations. Sec.III will be devoted to the conditions which should be satisfied for strictly static slices in Einstein-Gauss-Bonnet gravity with U (1)-gauge field. In Sec.IV one considers the uniqueness theorem for both uncharged and charged black holes in the theory in question, restricting our attention to small curvature corrections. In Sec.V we conclude our investigations.
II. EINSTEIN-GAUSS-BONNET GRAVITY WITH U (1) GAUGE FIELD
In this section we shall consider Einstein gravity with Gauss-Bonnet term and U (1)-gauge field. It is provided by the action
where α is the coupling constant of the Gauss-Bonnet term, regarded as the inverse of the string tension. It naturally arises as the next leading order of the α-expansion of heterotic string theory and is positively defined [28] . The dimension of this coefficient is (length) 2 . In what follows we confine our attention to the case when α > 0. On this account, the field equations obtained by variation of the action (1) imply
where we have denoted byH µν the following expression:
On the other hand, the energy momentum tensor T µν = − δS √ −g δg µν of matter fields in question yields
We consider static spacetime in which the asymptotically timelike Killing vector field k α = ∂ ∂t α orthogonal to the n-dimensional hypersurface Σ of constant time, is defined. The line element of static spacetime subject to the asymptotically timelike Killing vector field k α and V 2 = −k µ k µ is provided by the following relation:
where V and g ij are independent of the t-coordinate as the quantities defined on the hypersurface Σ of constant t. Additionally, we suppose that on Σ the electromagnetic potential will be of the form A 0 = ψ dt. Taking the form of static metric into account, the corresponding equations of motion yield
where in the above relations covariant derivative with respect to the metric tensor g ij is denoted by (n) ∇, while (n) G ij (g) is the Einstein tensor defined on n-dimensional hypersurface Σ.
Let us assume further that we take into account the asymptotically flat spacetime, i.e, the spacetime contains a data set (Σ end , g ij , K ij ) with gauge fields such that Σ end is diffeomorphic to R n minus a ball and the following asymptotic conditions are fulfilled:
Consequently, under the above assumptions, there is a standard coordinates system in which we have the usual asymptotic decay properties. Namely, let us assume that each of the quantities V, ψ, and g ij , has the asymptotic expansion given by in the form as follows:
where Q and µ are constant and represent electric charge and the ADM mass, respectively.
III. STRICTLY STATIC SPACETIME WITH MATTER
To begin with we examine the strictly stationary case, when in static spacetime under considerations one has no Killing horizons. Having in mind equation (7) we obtain the following:
where by (n) L GB we have denoted
In equation (16), by (n) C ijkl one denotes the n-dimensional Weyl tensor. To proceed further, let us examine the limit of the above relation in asymptotically flat spacetime near the spatial infinity, i.e., when r → ∞. One commences with the limit behaviour of n-dimensional Ricci curvature tensor (n) R ij . Namely, taking into account relation (7) and the asymptotic limits given by (12)- (14), one arrives at the following expression:
Next, the right-hand side of equation (15) will be provided by the limits of the forms
Restricting our considerations to the case when slices are conformally flat, i.e., (n) C ijkl = 0, one reaches to the expressions
we arrive at the conclusion that the volume integral can be rewritten in terms of the surface integral at the spatial infinity. It can be readily verify that it implies
One can easily see that the integrands do not influence on the value of the integral in question and (n) ∇ i (n) ∇ i V = 0 which leads to the conclusion that V is constant and in the spacetime under consideration the ADM mass is equal to zero.
On this account it is customary to ask about the behaviour of the Ricci scalar curvature on the considered conformally flat hypersurfaces. The sign of the Ricci scalar tensor plays the crucial role in the rigid positive energy theorem [29] . Returning to the exact form of it which can be provided by
one can reveal that
The second term is manifestly greater than zero, and because of the fact that we shall restrict our consideration to O(α)-order, one reveals that (n) R ≥ 0. Taking the above discussion into account, we can assert that the following theorem holds: Theorem: Assume that one considers the asymptotically flat strictly static spacetime being the solution of Einstein-Gauss-Bonnet equations of motion with U (1)-gauge matter sector. Let us suppose further that the fall-off of the considered matter field in of the form given by the relations (12)- (14) . Restricting our considerations to the case of static conformally flat slices of the spacetime in question, one states that up to the order of O(α) the spacetime is the Minkowski one, where α is a coupling constant of the Gauss-Bonnet curvature correction.
IV. BLACK HOLES IN GAUSS-BONNET GRAVITY
In this section we shall consider static black hole spacetime in the theory under consideration. The properties of black hole solutions of Einstein-Gauss-Bonnet gravity were intensively examined from various points of view. The thermodynamics of such black holes was investigated in Refs. [30] , the spherical symmetric null dust collapse or scalar field in Gauss-Bonnet gravity was elucidated in Refs. [31] , while Vaidya type solutions were studied in [32] . On the other hand, black hole solutions for Einstein-Gauss-Bonnet gravity were first achieved in [28, 33] , while for a charged case in Ref. [34] . The generalization of the above researches to the Gauss-Bonnet theory with a cosmological constant were presented in [35] , while the spacetime structure of n-dimensional static solution was elaborated in Refs. [36] . The above investigations were strengthen to the case of dilatonic Einstein-Gauss-Bonnet theory [37] , where asymptotically flat and asymptotically AdS black holes in various dimensions were studied. For a complete history of black holes in higher order gravity theories see, e.g., [38] and references therein.
To proceed further, let us assume that in the spacetime in question one can find appropriate coordinate system in which the asymptotic limits determined by the relations (12-14) will be provided. Moreover, we suppose that the black hole event horizon is a Killing horizon located at the level surface V = 0. We shall consider the non-degenerate black hole Killing horizon case. In the next step, one examines the conformal transformation which implies
The conformal factor is provided by
where C = [2(n−2)/(n−1)] 1/2 . In the next step the standard procedure used in the proofs of the black hole uniqueness theorem can be implemented. Namely, we obtain two manifolds (Σ − ,g − ij ) and (Σ + ,g + ij ). Next, we paste (Σ ± ,g ± ij ) along the surface V = 0. This in turn enables one to construct a complete regular hypersurface Σ = Σ − ∪Σ + ∪{p}. On the other hand, if (Σ,g ij ) is an asymptotically flat solution of the underlying equations of motion with non-degenerate black hole event horizon, then our next step will be to study the total gravitational mass on hyperspace Σ. In order to do it we shall inspect the Ricci scalar curvature given on the hypersurface in question. It leads us t the two manifolds (Σ ± ,g ± ij ). The Ricci scalar curvature tensor (n)R on the adequate hypersurfaces Σ ± is of the form
Θ, (27) where we have denoted by Θ the following:
In what follows we shall discuss the two cases of the black hole solutions in Einsein-Gauss-Bonnet gravity, namely uncharged and charged ones.
A. Uncharged black hole solution
In the case in question one has ψ = 0 in the above relations. From equation (28) we get that the crucial point is the sign of it. Because of the fact that (n) R 2 ij and (n) C 2 ijkl are manifestly greater than zero, we focus our attention on the term −n (n) R 2 . From Ref. [22] one gets that it is equal to
Having in mind the exact form of relation (27), we conclude that −n (n) R 2 is of order O(α 2 ) and up to the α-order can be neglected. Hence, it reveals that (n)R is greater or equal to zero and the positive energy theorem [29] can be implemented in our proof. Following the method presented in the next subsection one can prove the uniqueness of uncharged asymptotically flat black holes in Gauss-Bonnet gravity up to O(α) order. The above arguments enable one to formulate the conclusion: Theorem: Let us consider a static solution to Gauss-Bonnet gravity equation of motion with an asymptotically timelike Killing vector field k µ . Suppose that the manifold in question consists of a connected and simply connected spacelike hypersurface Σ to which k µ is orthogonal. Then, up to O(α), where α is a Gauss-Bonnet coupling constant, there exist a neighborhood of Σ which is diffeomorphic to an open set of n + 1-dimensional Schwarzschid-Tangherlini black hole solution.
B. Charged black hole solution
In the charged black hole case the situation is far much more involved. Having in mind the positive mass theorem, one has that the hypersurface Σ must be flat and additionally the relation provided by
should be satisfied. The above equation yields that the level surface V and the potential of U (1)-gauge field ψ coincide, i.e., the physical Cauchy hypersurface Σ is conformally flat. As far as the term bounded with Θ is concerned, after tedious computations one obtains
where we have written
A close inspection of the above polynomial reveals that for the spacetime dimensions equal to 5, 6, 7 its value is greater than zero but when n ≥ 8 is less than zero.
As in the previous case we confine our attention to the O(α)-order and use the positive energy theorem. It is clear from equation (27) that if one takes into account the small curvature corrections, the Ricci scalar curvature tensor (n)R (g) on the hypersurface Σ is equal to non-negative value. Moreover, using the asymptotic behaviour ofg ij+ on Σ + ,i.e.,g ij+ = δ ij + O 1 r n−1 , one concludes that the total mass on the hypersurface Σ vanishes. Consequently, having in mind the positive mass theorem [29] , the manifold Σ is isometric to a flat manifold. This fact enables us to rewrite the metric tensor g ij in a conformally flat form provided by the following expression [14] 
In the above relation we have defined a smooth function U = 2 1+V +Cφ on the manifold (Σ, δ ij ). It turns out that our equations of motion in the considered limit reduce to the Laplace equation on the n-dimensional Euclidean manifold ∇ i ∇ i U = 0, where ∇ is the connection on a flat manifold. Consequently one can endorse for the metric δ ij in the flat base space the line element provided by
To begin with we shall examine the case of the single black hole event horizon. The event horizon is located at U = 2 and it can be shown that the embedding of H into the Euclidean n-dimensional space is totally umbilical [39] . Moreover, the embedding must be hyperspherical, which means that each of the connected components of the horizon H is a geometric sphere of a certain radius determined by the value of ρ | H , where ρ is the coordinate introduced on the hypersurface Σ by the line element of the form
Without loss of generality, one connected component of the horizon can be always located at r = r 0 surface. Thus, we have to do with a boundary value problem for the Laplace equation on the base space Ω = E n /B n with the Dirichlet boundary condition U | H = 2 and the asymptotic decay condition U = 1 + O 1 r n−2 . Let us suppose further, that U 1 and U 2 be two solutions subject to the boundary value problem. Using the Green identity and integration over the volume element one arrives at the following expression:
The boundary conditions make the left-hand side of the above relation vanish and we conclude that two solutions must be identical. In order to get rid of the assumption about a single event horizon, one should elaborate he evolution level surface in Euclidean space [14, 15] . The Gauss equation in Euclidean space allows us to receive the evolution relations concerning the behaviour of shear σ AB . Then, the harmonicity of U function leads us to the conclusion that
whereD A denotes the covariant derivative on each level set of V , k AB is the second fundamental form of the level set. Consequently, this effects that each level surface of the function U is totally umbilic and therefore spherically symmetric. It worth mentioning that the above results are local [14, 15] , because of the fact that we have examined only the region without saddle points of the harmonic function in question. As was claimed in the above references the global result can be achieved by taking into account the assumption about analyticity. Summing it all up, we arrive at the main statement of this subsection: Theorem: Consider a static solution to (n+)1-dimensional Gauss-Bonnet gravity with an Abelian U (1)-gauge field equations of motion. Suppose that there is defined an asymptotically timelike Killing vector field k µ orthogonal to the simply connected spacelike hypersurface Σ. Then, up to the O(α)-order, where α is a Gauss-Bonnet coupling constant, it turns out that there is a neighborhood of the hypersurface in question which is diffeomorphic to an open set of (n + 1)-dimensional Reissner-Nordström non-extreme black hole solution.
V. CONCLUSIONS
In our paper we have elaborated the strictly static asymptotically flat spacetimes in Einstein-Gauss-Bonnet gravity theory with U (1)-gauge matter field. It was found that up to the small curvature corrections and the adequate decay property of the matter field, static conformally flat slices of the manifold in question were of Minkowski origin. In the same limit we analyzed static black hole solutions, both uncharged and charged ones. It was revealed that in the considered spacetime there were neighborhoods which were diffeomorphic to (n + 1)-dimensional SchwarzschildTangherlini and non-extreme Reissner-Nordström black hole spacetimes.
Of course there are many remaining issues like, e.g, getting rid of the O(α)-order limit or to consider another type of black hole, stationary axisymmetric solution, in the theory in question. We hope to consider these problems elsewhere.
